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We present a Gaussian state desription of squeezed light generated in an optial parametri
osillator. Using the Gaussian state desription we desribe the dynamis of the system onditioned
on homodyne detetion on the output eld. Our theory shows that the output eld is squeezed only
if observed for long enough times or by a detetor with nite bandwidth. As an appliation of the
present approah we onsider the use of nite bandwidth squeezed light together with a sample of
spin-polarized atoms to estimate a magneti eld.
PACS numbers: 42.50.Dv,03.67.Mn,03.65.Ta,07.55.Ge
I. INTRODUCTION
Quantum mehanial squeezing of optial elds repre-
sents a means to improve preision measurements below
the standard quantum noise limit for optial detetion.
These measurements exerise a signiant bak-ation on
the probed system, and to assess the ahievement of a de-
tetion sheme we need a formalism that an deal with
light-matter interation and measurement indued state
redution ontinuously in time. Now, a ontinuous wave
beam of light is desribed by innitely many modes, for
example in time or frequeny domain, and the quantum
state of the light eld and of the system interating with
the beam is in general too ompliated to be fully a-
ounted for in a Shrödinger piture representation. In
many quantum optial problems with onstant or peri-
odi driving Hamiltonians, it has been possible, however,
to provide solutions in the Heisenberg piture for the rela-
tionship between Fourier transformed frequeny ompo-
nents of the eld and system observables. Unfortunately
this well-established tehnique does not apply in onjun-
tion with measurements on the joint system ating loally
in time and hene aeting all frequeny omponents of
the observables at eah measurement event. The present
paper paper does not provide a solution to this general
problem. Instead, we shall demonstrate that for a spei
dynamis restrited to a spei lass of states, the so-
alled Gaussian states, a signiant redution in the num-
ber of parameters needed to fully haraterize the system
enables a omplete desription. The squeezed light pro-
dued in an optial parametri osillator (OPO) is in suh
a Gaussian state, implying that the eld is fully har-
aterized by the rst-order and seond-order orrelation
funtions of the eld variables. The interation with an
atomi system may destroy the Gaussian harater, but
we shall restrit our attention to optial interation with
a large olletion of atoms through an eetive olletive
atomi observable, whih may in turn be well desribed
by a Gaussian quantum state. The Gaussian state for-
malism [1, 2, 3℄ was reently employed [4, 5, 6℄ for the
o-resonant Faraday rotation-like interation between a
ontinuous beam of light and an atomi ensemble. To
desribe the interation with a ontinuous wave of light,
we proposed [4, 5, 6℄ to treat the beam as a sequene of
short segments of light inident on the atoms. In the in-
teration, eah light segment aquires some entanglement
with the atomi sample and auses a modiation of the
atomi state when the light segment is probed after the
interation. The desription of the inident optial beam
is simple if the state of the eld fatorizes in omponents
orresponding to eah short segment of the beam. This is
indeed the ase for a oherent state of light, representing
a normal laser beam. Realisti soures of squeezed light,
on the other hand, have a nite bandwidth of squeezing
whih implies that orrelations exist between the eld ob-
servables at dierent times. Here, we extend the Gaus-
sian formalism to the ase of the ontinuous output from
an optial parametri osillator (OPO). We reprodue
the properties of the squeezed optial beam whih are al-
ready known from standard quantum optis treatments,
and we apply our formalism to the example of atomi
magnetometry.
The paper is organized as follows. In Se. II, we reall
some results of the standard treatment of squeezing in an
OPO. In Se. III, we present the Gaussian state desrip-
tion of this system. In Se. IV, we turn to magnetometry.
The Larmor preession of an atomi sample aused by an
unknown magneti eld is probed by optial Faraday ro-
tation, and the value of the magneti eld is gradually
determined as measurement data are aumulated. The
use of a squeezed light soure improves the magnetome-
ter for probing times larger than the inverse bandwidth
of squeezing. In Se. V, we onlude.
II. GENERATION OF SQUEEZED LIGHT IN
AN OPTICAL PARAMETRIC OSCILLATOR
In this setion, we present a simple model of squeezed
light generation in a avity with a non-linear medium
whih is pumped by a lassial pump beam at frequeny
2ωc, twie the avity resonane frequeny, and giving rise
to reation and annihilation of pairs of photons by the
2Hamiltonian [7℄ (we use ~ = 1 throughout)
H
int
= ig(a†2 − a2) = g(xcpc + pcxc) (1)
where a† and a are the reation and annihilation opera-
tors for the light inside the avity, and where the anon-
ial onjugate variables are
xc =
1√
2
(a+ a†)
pc =
1
i
√
2
(a− a†).
(2)
We express the Hamiltonian in a frame rotating with the
avity resonane frequeny ωc, and onsider the dynamis
in this rotating frame.
In the absene of losses, the Heisenberg equations of
motion
x˙c(t) = 2gxc(t)
p˙c(t) = −2gpc(t)
(3)
an be solved straightforwardly, leading to an exponential
squeezing of the pc-variable and an aompanying anti-
squeezing of the xc-variable, whih maintains a onstant
value of the unertainty produt.
This model produes a squeezed state of a single light
mode inside the avity, and suh states are subjet to
detailed analysis in most text books on quantum optis.
Here, however, we aim at appliations of squeezed light
and hene we are interested in the squeezing properties
of the light that leaks out of the avity. This light prop-
agates out of the avity into a ontinuous beam, whih
orresponds to a ontinuum of modes in frequeny spae.
We thus replae one of the perfetly reeting avity mir-
rors with a mirror with a small transmittane, whih will
lead to a loss of the avity eld with rate Γ. The result-
ing intra-avity eld state an be found in many dierent
ways, but for our purpose it is suient to note that the
avity mirror ats as a beam splitter for the intra-avity
eld and for the vauum eld (x
ph,in
, p
ph,in
) inident on
the avity, see Fig. 1. At the partly transmitting mirror
the inident eld is reeted into the output eld. The
output eld is a linear ombination of the reeted ini-
dent eld and the transmitted intra-avity eld. Imagine
an inident beam segment of duration τ , short enough
that the intensity transmitted at the mirror and the eld
amplitude built up by the Hamiltonian (1) an be treated
to lowest order in τ . We an then iterate the Heisenberg
equations of motion for the intra-avity eld and the out-
put eld from the avity and we obtain
xc(t+ τ) = (ξ + 2gτ)xc(t) +
√
Γτx
ph,in
(t) (4a)
pc(t+ τ) = (ξ − 2gτ)pc(t) +
√
Γτp
ph,in
(t) (4b)
x
ph,out
(t+ τ) = −
√
Γτxc(t) + ξxph,in(t) (4)
p
ph,out
(t+ τ) = −
√
Γτpc(t) + ξpph,in(t). (4d)
where ξ2 = 1 − Γτ denotes the probability for the seg-
ment to be reeted by the mirror. This quantity is very
lose to unity, and onsequently ξ ≈ 1 − Γτ/2. The ex-
pressions (4a4d) are of ourse equivalent to the ones ob-
tained by the onventional input-output formalism [8, 9℄,
with the last terms in (4a,4b) having the harateristi
properties of Wiener noise inrements in the limit of small
τ . Sine we assume that the input eld is in the vauum
state, Eqs. (4a,4b) an be solved diretly for the vari-
anes of the intra-avity eld quadratures, starting from
the vauum at t = 0, and taking the τ → 0 limit
Var(xc) =
1
2
Γ− 4ge−(Γ−4g)t
Γ− 4g (5)
Var(pc) =
1
2
Γ + 4ge−(Γ+4g)t
Γ + 4g
. (6)
If 4g < Γ, we see that these equations approah steady
state for large times t. Sine we are interested in oper-
ating the OPO in a regime where steady state an be
obtained, we assume from now on that 4g < Γ. The light
inside the avity is still squeezed as expeted, but it is
entangled with the emitted light, and hene it is not in a
pure state and also not in a minimum unertainty state.
In the onventional input-output desription, by a
Fourier transformation to frequeny spae, the equa-
tions (4) beome algebrai equations, and the output
eld operators in frequeny spae are expressed as linear
ombinations of the input operators at the same frequen-
ies but with frequeny dependent oeients [10℄. All
moments of the eld annihilation and reation operators
have trivial expetation values in the vauum state. If
ω denotes the dierene between the optial frequeny
and the avity resonane frequeny ωc, we have for ex-
ample the following expression for the normal ordered
expetation value of the output eld when the system
has reahed steady state (remembering 4g < Γ)
〈: x(ω), x(ω′) :〉 = 2Γg
(Γ2 − 2g)2 + ω2
δ(ω + ω′). (7)
The Lorentzian frequeny dependene implies a temporal
orrelation between the light emitted at dierent times,
whih is due to the ommon origin in the intra-avity
eld. The eld at a single instane of time is obtained by
a Fourier transformation of the expressions in frequeny
spae. This will involve all frequenies, also the ones far
from the avity resonane and hene outside the band-
width of squeezing. Consequently, one will not observe
squeezing properties if one observes a light eld in a time
interval shorter than ∼ 1/Γ. Integrating the signal over
a nite time interval T , orresponding to detetion of the
variable
xT =
1√
T
∫ t+T
t
x(t′)dt′ (8)
3yields a quantity with normal ordered expetation value
〈: x2T :〉 =
1
2T
∫ T
0
∫ T
0
: x(t)x(t′) : dt dt′
=
1
4piT
∫ T
0
∫ T
0
∫ ∞
−∞
∫ ∞
−∞
: x(ω)x(ω′) :
e−iωte−iω
′t dω dω′ dt dt′
=
8gΓ
T (Γ− 4g)3
[
(Γ− 4g)T − 2 + 2e(−Γ/2+2g)T
]
.
(9)
If we use that 〈x2T 〉 = 〈: x2T :〉+1/2 we see that for short
times ((Γ− 4g)T ≪ 1), the output eld has the standard
noise of vauum, whereas integration over a longer time
interval yields
Var(xT )→ 1
2
(Γ + 4g)2
(Γ− 4g)2 . (10)
The orresponding variane for the pT omponent is ob-
tained by replaing g by −g in the above expressions, i.e.,
in the long-time limit the emitted eld is desribed by a
minimum unertainty state.
The predition of the noise properties of xT and pT
should of ourse be in agreement with the ones observed
if one arries out a homodyne measurement to detet
these quantities, but it is important to remember that
during suh detetion, the dynamis of the system will be
dierent, and it is not lear how to modify the relations
in frequeny spae between the intra-avity and output
elds as the detetion takes plae in real time.
In the next setion, we introdue the Gaussian state
formalism whih allows an eetive real-time treatment
of the prodution and probing of squeezed light.
III. GAUSSIAN STATES
A. General Formalism
2ωc
︸ ︷︷ ︸
l = cτ
FIG. 1: Generation of squeezed light by an optial paramet-
ri proess pumped by a lassial eld at 2ωc. The gure
shows three eld segments in the vauum state whih enter
the avity, where a non-linear medium generates squeezing.
Four segments of light are shown propagating away from the
avity.
The linear transformation between the states of the
avity eld and a segment of light initially inident on
the avity, and eventually propagating away from the
avity (4) is easy to deal with, beause a state whih is
initially Gaussian in the eld variables will remain Gaus-
sian at later times. Taking an initially empty avity and
the inident vauum eld, will hene lead to Gaussian
states at all later times. We want to onsider the on-
tinuous emission of light by the avity, and we therefore
imagine one segment of light after the other leaving the
avity, see Fig. 1, and all eld quadratures being given by
a multi-mode Gaussian distribution. A Gaussian state
is fully haraterized by the mean value vetor of all
anonial variables, whih we arrange in a olumn ve-
tor y, with m = 〈y〉 and the ovariane matrix γ where
γij = 2Re〈(yi−〈yi〉)(yj−〈yj〉)〉. If the output eld is dis-
retized in N segments m has dimension (2N + 2) with
2N eetive x and p variables for the output eld and
2 variables, xc, pc, for the avity mode. The ovariane
matrix γ has dimension (2N + 2) × (2N + 2). These -
nite objets are of ourse far easier to deal with than the
full N +1 tensor produts of innite dimensional Hilbert
spaes. In pratie the formalism an be made even sim-
pler if we assume that the output beam is deteted right
after it is emitted from the avity, and hene the quan-
tum state of eah light beam segment is destroyed and
only the lassial output value is retained, while the next
segment emerges from the avity. Let us onsider the in-
teration between a single inident segment of light and
the intra-avity eld, and let us write the linear transfor-
mation of the four eld variables y = (xc, pc, xph, pph)
T
as follows
y 7→ Sy (11)
where the elements of the 4× 4 matrix S follow diretly
from the transformation (4). Under this transformation,
the mean value vetor m and the ovariane matrix γ
transform as
m(t+ τ) = Sm(t) (12)
γ(t+ τ) = Sγ(t)ST . (13)
We write the 4× 4 ovariane matrix as
γ =
(
Aγ Cγ
CTγ Bγ ,
)
(14)
where Aγ is the ovariane matrix for the intra-avity
eld variables, Bγ is the ovariane matrix for the beam
segment in the ontinuous beam, and Cγ represents their
mutual orrelations. An advantage of the Gaussian de-
sription is that the bak-ation on the residual system
due to measurement may be aounted for expliitly. If
we measure the variable x
ph
, due to their mutual or-
relation, we learn something about the intra-avity xc
variable, i.e., its variane dereases, and simultaneously,
to fulll Heisenberg's unertainty relation, Var(pc) in-
reases. Following Refs. [1, 2, 3℄, we have the expliit
update formula for the intra-avity eld ovariane ma-
trix after homodyne detetion on the beam segment
Aγ 7→ Aγ −Cγ(piBγpi)−Cγ , (15)
4where pi = diag(1, 0), and ()− denotes the Moore-Penrose
pseudoinverse. This result does not depend on the a-
tual outome of the measurement. The latter however,
aets the mean values of the intra-avity eld variables.
The beam segment has disappeared from the treatment,
but to treat the interation with the next segment we
build the ovariane matrix (14) desribing the intra-
avity eld and this new segment with
Bγ 7→ 1 (16)
Cγ 7→ 0, (17)
orresponding to an inident vauum state with no or-
relation with the avity eld yet. We propagate the sys-
tem aording to Eq. (13), and we implement the eet
of the subsequent measurement by Eq. (15). The ontin-
uous prodution and probing of the beam is obtained by
repetition of the above steps, and we may, in the limit
of small time inrements, derive a dierential equation
for the intra-avity eld Aγ . This dierential equation is
of the general non-linear matrix Riati form (see, e.g.,
Ref. [11℄ and referenes therein)
A˙γ(t) = G−DAγ(t)−Aγ(t)E−Aγ(t)FAγ(t), (18)
where the 2× 2 matries G,D,E,F are all derived from
the expressions (13) and (15). As shown in Ref. [11℄ the
solution forAγ an be expressed in terms of the solutions
of two oupled linear matrix equations: Aγ = WU
−1
,
where W˙ = −DW +GU and U˙ = FW +EU.
B. Squeezing properties of the intra-avity eld
Applying the above general formalism to the squeezed
light problem, we derive the Riati equation (18) for
the intra-avity eld ovariane matrix, onditioned on
the homodyne detetion of the output eld, and nd the
following matries
G = ( 0 00 Γ )
F = ( Γ 00 0 )
D =
(
−2g−Γ/2 0
0 2g+Γ/2
)
E = D.
(19)
Without detetion, the beam and the intra-avity eld
are entangled, and, as we noted above, the intra-avity
eld state, regarded as a trae over the unobserved emit-
ted eld degrees of freedom is a mixed state and not a
minimum unertainty state. If we perform homodyne de-
tetion on the emitted eld we nd the same variane of
xc as above, but the variane of pc hanges to the value
Var(pc) =
1
2
Γ− 4g
Γ− 4ge−(Γ−4g)t . (20)
In this ase Var(xc) · Var(pc) = 1/4 and we have a min-
imum unertainty state of the intra-avity eld at all
times. If 4g < Γ, we reah steady state for large times,
and the varianes then read
Var(xc) =
1
2
Γ
Γ− 4g (21)
Var(pc) =
1
2
Γ− 4g
Γ
. (22)
In Fig. 2, we show how the variane of the Gaussian
variables inside the avity depends on time both with
and without measurements on the output beam.
0 2 4 6 8
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c
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p
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)
FIG. 2: Varianes of the avity variables xc and pc as a fun-
tion of time. We use Γ = 2pi × 6× 106 s−1 and g = 0.2Γ
whih are realisti experimental parameters for OPO's [12℄.
The varianes of xc with and without homodyne detetion of
the x
ph
variable of the output eld are idential and shown by
the upper dashed urve. The full and the dotted urves show
the varianes of pc without and with homodyne detetion of
the output eld, respetively.
C. Squeezing properties of the emitted beam
1. Colletive observable for many light segments
We now turn to the squeezing of the output beam.
As disussed in Se. II, there is no squeezing if we only
onsider small time intervals. To study the orrelations
between dierent individual segments we dene the fol-
lowing olletive operators
xT =
1√
N
N∑
i=1
x
ph
i
,
pT =
1√
N
N∑
i=1
p
ph
i
,
(23)
where T = τN is the aumulated time in N segments
eah of duration τ and where the eld variables of the ith
segment are retained in the formalism. In appendix A,
we alulate the varianes of these quantities. The result
5is given in Eq. (A13) and reads
Var(xT ) =
1
2T (Γ− 4g)3
[
(Γ− 4g)(Γ + 4g)2T
−32Γg + 32Γge(−Γ/2+2g)T
]
.
(24)
The result for Var(pT ) is obtained by replaing g with
−g. If we let T → 0, we obtain Var(pT ) = 12 showing
that there is no squeezing if we only onsider short times.
If, on the other hand, we let T →∞, we obtain
Var(xT )→ 1
2
(Γ + 4g)2
(Γ− 4g)2 . (25)
These results are in full agreement with the ones ob-
tained by the usual quantum optis treatment disussed
in Se. II (see Eq. (10)).
2. Finite Bandwidth Detetion
An alternative way to extrat the squeezed omponent
of the emitted beam, is to use a frequeny lter, that
selets the frequeny range of interest. The modelling of
suh a detetor involves a seond avity, in whih the light
segments enter and the intra-avity eld in the seond
avity builds up. The squeezed beam ontains photons in
the relevant frequeny band, but not only intensity builds
up in the deteting avity, we also expet the intra-avity
eld to show squeezing properties. The variables used in
2ωc
FIG. 3: Proposed setup for the haraterization of the spe-
trum of squeezed light from an OPO (to the left). The squeez-
ing properties of the single-mode eld aumulated in the fre-
queny tunable avity to the right are determined (see text).
a Gaussian treatment of this problem, orresponding to
the two avity elds and the propagating beam segment,
are y = (xc1 , pc1 , xc2 , pc2 , xph, pph) and the Heisenberg
equations of motion are obtained by a simple extension of
the expressions used already in the ase of a single avity,
where we replae Γ with Γ1. The seond avity is used
to model the nite bandwidth detetion. It has a deay
onstant Γ2 and a tunable avity resonane frequeny
ωc + δ. In our frame rotating at ωc the eld variables in
the seond avity obey the equations
xc2(t+ τ) = (1− Γ2τ/2)xc2(t) + iδτpc2(t) +
√
Γ2τxph,out(t)
(26)
pc2(t+ τ) = (1− Γ2τ/2)pc2(t)− iδτxc2(t) +
√
Γ2τpph,out(t)
(27)
where x
ph,out
, p
ph,out
are the quadrature variables for
the eld leaving the rst avity, f., Eqs. (4,4d). In
Eqs. (26,27) the eld inident on the seond avity is the
output eld from the rst avity, f. Fig. 3. Due to the
physial separation L of the two avities and the nite
speed of light the eld variables in Eqs. (4,4d) should
in fat have been delayed by L/c, but sine we are ad-
dressing the steady state properties of the system we an
solve Eqs. (4,4d) with the same time arguments. The
output eld from the seond avity is desribed by equa-
tions similar to Eqs. (4,4d), but they will not be needed
in the following. The detuning δ of the seond avity an
be sanned, and the squeezing parameter of the intra-
avity variables xc2 , pc2 reet the spetral properties of
the output beam from the rst avity.
Fig. 4 shows the eigenvalues V
min
and V
max
of the 2×2
ovariane matrix for the probing avity as funtion of
the detuning with respet to ωc. In panel 4(a) the prob-
ing avity has a damping rate Γ2 omparable with the
one of the OPO avity, i.e., the intra-avity eld builds
up with a memory time shorter than the time needed to
see the full eet of squeezing. In panel 4(b), we use a de-
tetor system with narrow bandwidth, the avity builds
up light over a longer time interval, and the degree of
squeezing is learly larger than in 4(a). The Riati equa-
tion an be solved analytially, and for δ = 0 we obtain
V
max
=
1
2
(Γ1 + 4g)
2 + (Γ1 − 4g)Γ2
(Γ1 − 4g)(Γ1 + Γ2 − 4g) . (28)
Here V
min
is obtained from V
max
by replaing g with −g.
The insert shows V
min
and V
max
as funtion of Γ2. For
large Γ2, the seond avity is equally fed by a wide range
of frequeny omponents, and the variane is dominated
by the vauum unertainty: V
min
= V
max
= 1/2. If Γ2 =
0 we obtain
V
max
=
1
2
(Γ1 + 4g)
2
(Γ1 − 4g)2 (29)
V
min
=
1
2
(Γ1 − 4g)2
(Γ1 + 4g)2
(30)
whih equal the long-time integrated amplitudes (25).
We note that the alulations here were signiantly
easier than in the ase where we treated a large number of
light segments simultaneously. This is beause the mode
of the seond avity in pratie integrates the inident
eld over time and stores the ontribution of many short
beam segments in a single set of variables. We believe
that this is a useful model of realisti nite bandwidth
detetors, and that the approah an be used quite gener-
ally to investigate how nite optial bandwidth detetion
aets the sensitivity of metrology and the entanglement
and spin squeezing of atomi samples.
IV. MAGNETOMETRY WITH SQUEEZED
LIGHT
The purpose of introduing the Gaussian state formal-
ism is to provide a theoretial approah, that allows a
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FIG. 4: The varianes V
min
and V
max
of the eld inside the
probing avity as funtion of the detuning δ of this avity
with respet to ωc in units of the deay width Γ1 of the OPO
avity. We have used Γ1 = 2pi × 6× 10
6 s−1 and g = 0.2Γ1
as in Fig. 2. In (a) Γ2 = Γ1 and in (b) Γ2 = Γ1/25. The
lower and upper parts of the insert in (b) show V
min
and
V
max
respetively as funtions of the bandwidth of detetion
Γ2 for δ = 0.
treatment of the interation between light and an atomi
sample in the regime where the quantum state of the
atoms hanges both beause of the interation itself and
beause the ontinuous measurements of the light eld
after the interation teahes the observer about the state
of the atoms. This measurement indued bak-ation on
the quantum state of atoms plays a role in atomi mag-
netometry [13℄, it was used to spin squeeze atomi gasses
[14℄ and to entangle pairs of gasses [15℄, and it reently
played an important role in the realization of an atomi
memory for light [16℄. Sine probing with squeezed light
potentially is more preise, it was proposed in Ref. [4℄
that magnetometry would also benet from the use of
squeezed light, and a simple model with ultra-broad band
squeezing indeed suggests improvement by preisely the
squeezing fator on the B-eld unertainty. We will now
use magnetometry as an example to show how we an ef-
fetively treat the probing of atomi systems with a real
squeezed optial eld with nite bandwidth.
It is possible to estimate a magneti eld by a polariza-
tion rotation measurement of an o-resonant light beam
passing through a trapped loud of spin-1/2 atoms, see
Fig. 5. All the atoms are assumed to be polarized with
their spin along the x diretion. We assume that the
B-eld omponent of interest is direted along the y di-
retion, and hene it auses a Larmor rotation of the
atomi spin toward the z axis. This in turn leads to
a mean magnetization of the sample along the z dire-
tion, whih will ause a Faraday rotation of the linear
polarization of an optial eld propagating through the
sample. As the polarization rotation is proportional to
the atomi spin omponent, and this is proportional to
the B-eld, the B-eld estimated by the measurement is
trivially obtained. We wish to address the error bar, i.e.,
the standard deviation on our estimate of the eld as a
funtion of the measurement reord. The Gaussian state
desription whih operates expliitly with the varianes
and ovariane elements of the physial quantities is ideal
for this analysis.
The gas of trapped spin-1/2 atoms is desribed by a
olletive spin operator J = (1/2)
∑
i σi where σi are
the Pauli spin matries. The atoms are initially pumped
suh that they are polarized along the x axis and Jx an
be treated as a lassial variable 〈Jx〉 = Nat/2 where Nat
is the large number of atoms. The two other projetions
of the spin, Jy and Jz obey the ommutation relation
[Jy, Jz] = iJx whih may be rewritten as [xat, pat] = i
for the eetive position and momentum variables x
at
=
Jy/
√
〈Jx〉, pat = Jz/
√
〈Jx〉. The unertainty is easily
shown to be minimal in the initial state and, hene, the
state pertaining to x
at
and p
at
is Gaussian.
Note that the OPO avity produes a squeezed vauum
state; if this eld is linearly polarized along the y-axis,
it may be mixed on a polarizing beam splitter with a
lassial x polarized eld to yield the eld appropriate
for polarization rotation measurements.
2ωc
x
y
z
By
FIG. 5: Setup for estimating a B-eld. In the avity, we
generate squeezed light whih is linearly polarized along the
z axis. We mix this eld at an asymmetri beam splitter with
a strong x polarized beam. The light then passes through a
gas of polarized atoms, ausing a rotation of the eld polar-
ization towards the z axis.
The light beam propagates along the y axis and is
linearly polarized along x suh that its Stokes operator
7〈Sx〉 = Nph/2 = Φτ/2 is lassial with Nph the number
of photons in a given segment of the beam and Φ is the
photon ux. The two remaining Stokes vetor ompo-
nents orresponding to the dierene in photon numbers
with linear polarization along diretions at 45 and 135 de-
grees with respet to the x axis, and with left and right
irular polarizations, respetively, have vanishing mean
values, and they satisfy a ommutator relation similar to
the olletive atomi spin. Aordingly, for the eetive
variables x
ph
= Sy/
√
〈Sx〉, pph = Sz/
√
〈Sx〉, we have
[x
ph
, p
ph
] = i for N
ph
≫ 1 and the initial oherent state
of the eld is a minimum unertainty Gaussian state in
these variables.
The eetive Hamiltonian for this part of the system
is
Hτ = κ√τp
at
p
ph
+ µτByxat. (31)
The harateristi atom-light oupling is κ =
d2ω
∆Acǫ0
√
2〈Jx〉Φ where d is the atomi dipole mo-
ment, ω is the photon energy, ∆ is the detuning of the
light from atomi resonane, and A is the area of the
the light eld. The oupling between the B-eld and the
atoms is µ = β
√
〈Jx〉 where β is the magneti moment.
The lassial B-eld that we wish to estimate is treated
as a random variable with a broad Gaussian probabil-
ity distribution. Hene both the B-eld, the atomi
loud, and the inident light pulse of duration τ are
Gaussian variables. We arrange these in the vetor
y = (By, xat, pat, xph, pph)
T
. The Larmor preession in
time τ and the interation between the atomi sample
and the beam segment then leads to the linear transfor-
mation (11) of the variables [4, 6℄ given by
S =


1 0 0 0 0
0 1 0 0 κ
√
τ
−µτ 0 1 0 0
0 0 κ
√
τ 1 0
0 0 0 0 1

 . (32)
The initial ovariane matrix is γ0 =
diag[2Var(B0), 1, 1, 1, 1]. After appliation of the
matrix S, and the operations (13) and (15) representing
the polarization detetion of the optial eld, orre-
sponding to a homodyne detetion of the variable x
ph
,
the atomi variables and the B-eld beome orrelated,
a new beam segment enters in the standard oherent
state as desribed by (16) and (17), and the evolution
proeeds. In the limit of short beam segments, the evo-
lution an be replaed by a Riati dierential equation
for the 3 × 3 ovariane matrix for the atoms and the
B-eld, and this equation an be solved analytially [4℄.
The variane of the B-eld is
Var(B(t)) =
Var(B0)(κ
2t+ 1)
1
6κ
4µ2 Var(B0)t4 +
2
3κ
2µ2 Var(B0)t3 + κ2t+ 1
−−−→
t→∞
6
κ2µ2t3
∝ 1
N2
at
Φt3
(33)
whih yields preisely the error on the estimate of the B-
eld. We note that the unertainty of the eld strength
dereases as 1/(N
at
t3/2) and not as 1/
√
N
at
t as one might
expet from standard ounting statistis arguments. This
improved preision is due to the squeezing of the atomi
spin during the probing proess.
A. Squeezed light
In Refs. [4℄ we modelled the use of squeezed light by
introduing the squeezing parameter r suh that Eq. (16)
is replaed by
Bγ 7→
(
1/r 0
0 r
)
, (34)
i.e., every beam segment enters the interation in a
squeezed state. Going though the alulations we nd
that κ2 should be replaed with κ2r in Eq. (33): the
B-eld estimate is improved.
As noted in Ref. [4℄, this treatment of a squeezed beam,
in the limit of small τ , is only valid if the squeezing band-
width is innite. The squeezing properties of the beam
from an OPO, however, only reveal themselves if a nar-
row frequeny omponent is seleted, or if the eld is in-
tegrated over times longer than the inverse bandwidth of
squeezing, whih are ertainly longer than the innitesi-
mal τ employed in the ontinuous limit, where the Riati
equation is solved.
The full probing may well take longer than the inverse
bandwidth, and one would hene expet that one still
benets from the squeezing in this longer time limit. We
shall verify this assumption by a alulation in whih we
treat the probing with the eld oming out of our OPO
avity in the full Gaussian formalism.
The example serves as a model for how to onsider
other atomi probing shemes with realisti squeezed
light soures. We treat as Gaussian variables the B-eld,
the atomi variables, the intra-avity eld, and a single
segment of light y = (Bz, xat, pat, xc, pc, xph, pph)
T
. The
beam segment enters on the avity mirror in the va-
uum state, it is reeted o the mirror with some squeez-
ing and some entanglement with the partly transmitted
intra-avity eld, it interats with the atoms, and nally
it is deteted by homodyne detetion, ausing a moderate
hange of the joint ovariane matrix for the B-eld, the
atoms, and the intra-avity eld. The transformation to
lowest order in τ of the variables is now given by
S =


1 0 0 0 0 0 0
µτ 1 0 0 0 0 0
0 0 1 κ
√
Γτ 0 −κ√τ 0
0 0 0 ξ + 2gτ 0
√
Γτ 0
0 0 0 0 ξ − 2gτ 0 √Γτ
0 0 0 −√Γτ 0 ξ 0
0 −κ√τ 0 0 −
√
Γτ 0 ξ


,
(35)
8with ξ = 1 − Γτ/2 as introdued in Eq. (4). Note that
this matrix ombines the elements present in the trans-
formation of the eld omponents alone (4) and the B-
eld-atom and light-atom interation (32). Again the
beam segment is inserted in its vauum state (16), and it
is probed by homodyne detetion leading to the update
formula (15). The bandwidth is taken are of by the
intra-avity eld whih establishes the neessary orrela-
tion between beam segments deteted at dierent times.
In the ontinuous limit we nd the orresponding Riati
equation, and its solution provides the variane of the
B-eld as a funtion of time as shown in Fig. 6. The g-
ure shows both the results without squeezing, with nite
bandwidth squeezing, and the simple innite bandwidth
result (33) with a simple squeezing parameter r applied
to eah segment. We take the value r = (Γ+4g)
2
(Γ−4g)2 , orre-
sponding to the long-time limit of Eq. (25), and we see
a good agreement for long times between the two urves
for squeezed states. We also see, that the nite band-
width urve is an improvement with respet to the ase
of non-squeezed light, but that we have to probe for a er-
tain time on the order of the squeezing bandwidth before
we see the eet of squeezing. Indeed, the nite band-
width urve is to a good approximation simply delayed by
16g 3Γ+4g(Γ−4g)(Γ+4g)2 ompared with the innite broad-band
squeezed light urve.
The analytial result for Var(B) is very lengthy. For
small times t we get the result without squeezing as an
be seen in Fig. 6, and for large t the result is exatly
the same as in the innite bandwidth ase Var(B(t)) =
6
µ2rκ2t3 if we identify the squeezing parameter by r =
(Γ+4g)2
(Γ−4g)2 .
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FIG. 6: Variane of the B eld as a funtion of time. We use
the same value of g and Γ as in Fig. 2, and κ2 = 1.83 × 106 s−1
and µ = 8.79 × 104 (s pT)−1. The dashed line is without
squeezing, the full line is with squeezed light generated in
a avity, and the dotted line is with the squeezing parameter
r.
V. CONCLUSION AND OUTLOOK
In summary, we have presented a Gaussian state de-
sription of the light from an optial parametri osillator
and its interation with large atomi samples. The treat-
ment is very eetive, beause the state of the parts of the
beam that have just left the OPO avity an be treated
as a single mode, orresponding to a short beam segment,
and after the interation, the segment an be eliminated
from the formalism. Here, we presented the dynamis
when the eld is probed by homodyne detetion, and it
is turned into lassial information; if the beam propa-
gates away without detetion, it may be traed out of
the formalism, whih is an even simpler operation in the
Gaussian formalism, sine the orresponding rows and
olumns in the ovariane matrix should just be removed.
Finite bandwidth eets are inluded in the treatment
by retaining the quantum state of the intra-avity eld,
whih is also a single eld mode, i.e., at the prie of
adding a single pair of anonially onjugate variables
(xc, pc), whih in the Gaussian formalism is done by
adding two extra rows and olumns to the ovariane
matrix.
The use of squeezed light holds the potential to im-
prove spin squeezing, entanglement, and preision prob-
ing, and we demonstrated suh an improvement in the
ase of magnetometry ompared with the innite band-
width ase, we also showed how the nite bandwidth of
squeezing manifests itself as a time lag before the im-
provement is obtained in agreement with the observation
that squeezing is only present in a light beam, if one in-
tegrates a suiently long part of the beam.
The method desribed is fully general, and further
studies an be arried out along the same lines on other
proposals involving squeezed light. It is readily gener-
alized to inorporate more atomi systems, more eld
modes, non-degenerate OPOs, and as we showed also -
nite detetion bandwidth an be modelled by the addi-
tion of auxiliary modes. Finite bandwidth of the light
soures and of the detetion system may also play non-
trivial roles in onjuntion with deay and deoherene
whih set an upper limit to the degree of entanglement
obtained in gasses [17℄.
Finally we note that squeezed light has been proposed
as an ingredient in various quantum information proto-
ols, suh as teleportation [18℄, as a soure of heralded
single photons [19, 20℄, as a resoure in ontinuous vari-
able quantum omputing and error orretion [21℄. In
many of these protools, an elementary analysis is given
in terms of single mode elds, where indeed, a full time
and frequeny dependent analysis would be more appro-
priate.
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9APPENDIX A: SQUEEZING OF OUTPUT FIELD
To alulate the variane of xT and pT dened in
Eq. (23) we use the Gaussian desription.
2ωc
xN· · ·x2x1
︸ ︷︷ ︸
xT
FIG. 7: The gure shows how we label the beam segments
whih are aumulated in xT . We only obtain squeezing if
we observe many beam segments, not if we only observe one
segment.
The initial variables are y1 = (x, p, xph
1
, p
ph
1
) and
the initial intra-avity eld and inident vauum segment
ovariane matrix is
γ1 =


a11 a12 0 0
a12 a22 0 0
0 0 1 0
0 0 0 1

 . (A1)
The assoiated transformation matrix is given by Eq. (4)
S1 =


ξ + 2gτ 0
√
Γτ 0
0 ξ − 2gτ 0 √Γτ
−√Γτ 0 ξ 0
0 −
√
Γτ 0 ξ

 . (A2)
where ξ = 1 − Γτ/2 as introdued in Eq. (4). After the
interation γ˜1 = S1γ1S
T
1 . We now build the dynamis
reursively by inserting two rows and olumns between
the seond and third row and olumn in γ˜. In this way
we represent the subsequent inident vauum segments
by
γk+1 =

 {γ˜k}(1:2,1:2) 0 {γ˜k}(1:2,3:2k+2)0 12×2 0
{γ˜k}(3:2k+2,1:2) 0 {γ˜k}(3:2k+2,3:2k+2)

 .
(A3)
The transformation matrix is
Sk =
(
S1 0
0 1(2k−2)×(2k−2)
)
, (A4)
and γ˜k = SkγkS
T
k . Eqs. (A4,A3) are now in-
serted, and the number of variables grows with time
as we get more and more light segments, yN =
(xc, pc, xph
N
, p
ph
N
, . . . , x
ph
1
, p
ph
1
)
If a12 = 0 then every seond element in γ is zero and
γ an be rewritten on blok diagonal form with similar
x
ph
and p
ph
bloks. The system of equations for the x
ph
,
yN = (xc, xph
1
, . . . , x
ph
N
), variables an be written as
Sk =

1− Γτ/2 + 2gτ
√
Γτ 0
−√Γτ 1− Γτ/2 0
0 0 1(k−1)×(k−1)


(A5)
γ1 =
(
a11 0
0 1
)
(A6)
γk =

Ak 0 Ck0 1 0
CTk 0 Bk


(A7)
where Ak is a real number, Ck is a 1×(k−1) row vetor,
and Bk is a (k − 1)× (k − 1) matrix.
From this we nd the reurrene equations
Ak+1 = (1− Γτ/2 + 2gτ)2Ak + Γτ (A8)
CTk+1 =
(
−√Γτ(1 − Γτ/2 + 2gτ)Ak +
√
Γτ(1− Γτ/2)
(1− Γτ/2 + 2gτ)CTk
)
(A9)
Bk+1 =
(
ΓτAk + (1 − Γτ/2)2 −
√
ΓτCk
−√ΓτCTk Bk
)
(A10)
whih an be solved, and the variane of xT is found to
be
Var(xT ) =
1
N
N∑
i=1
N∑
j=1
Cov(xi, xj)
= a11
[
Γτ
2N
1− α2N
1− α2
+
Γτα4
N(1− α)
(
1− αN
1− α −
1− α2N
1− α2
)]
+
Γτ2
2(1− αN ) −
Γτ2
2N
1− α2N
(1− α2)2
+ 12 (1− Γτ/2)2 − Γτ(1 − Γτ/2)
1
1− α
+
Γτ(1− Γτ/2)
N
1− αN
(1− α)2
+
Γτ2α
N(1− α2)(1 − α)
(
N − 1− α
N
1− α
+α3
1− α2N
1− α2 − α
3 1− αN
1− α
)
(A11)
where α = 1 − Γτ/2 + 2gτ . If we let T = Nτ and then
let τ → 0 then
Var(xT )→ 1
2T (Γ− 4g)3
{
(Γ− 4g)(Γ + 4g)2T
−4Γ(Γ + 8g) + 4a11Γ(Γ− 4g)
−8Γ[a11(Γ− 4g)− (Γ + 4g)]e(−Γ/2+2g)T
−4Γ[Γ− a11(Γ− 4g)]e(−Γ+4g)T}.
(A12)
In the T → ∞ limit, the rst term dominates, and the
expression for Var(xT ) does not depend upon a11.
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In steady state we may insert a11 =
Γ
Γ−4g in Eq. (A12),
and we obtain
Var(xT ) =
1
2T (Γ− 4g)3
[
(Γ− 4g)(Γ + 4g)2T
−32Γg + 32Γge(−Γ/2+2g)T
]
,
(A13)
and
Var(pT ) =
1
2T (Γ + 4g)3
[
(Γ + 4g)(Γ− 4g)2T
−32Γg − 32g(Γ− 4g)e−(Γ/2+2g)T
−64g2e−(Γ+4g)T
]
.
(A14)
for the varianes of the quadrature omponents.
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